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Abstract

This article presents a number of carefully selected activities for the mathematics
classroom in the early grades. The motivation for their selection is the development of
concepts rather than the learning of the procedural skills of arithmetic. As the teacher
is faced with a great heterogeneity of children starting school, the concrete learning
environment should fulfil several requirements. On the one hand, the environment has to
represent core mathematical principles, and, on the other hand, they have to be suitable
for all learners in an inclusive classroom. The concrete formats themselves serve a specific
conceptual purpose, while, at the same time, addressing, in an integrated way, the needs
of a variety of learners with different levels of competence.
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SCHERER — NATURAL DIFFERENTIATION IN THE TEACHING OF MATHEMATICS

Introduction

Since mathematics plays an important role in the world, mathematical literacy
represents a central objective in early childhood education (The Organisation for
Economic Co-operation and Development, 2009). For the fulfilment of mathematical
literacy standards, certain minimum requirements have been developed in many
countries (cf. National Council of Teachers of Mathematics, 2000; Sekretariat
der Stdndigen Konferenz der Kultusminister der Lander in der Bundesrepublik
Deutschland, 2005) and substantiated in the curricula (see Curriculum and Assessment
Policy Statements cited in Van den Heuvel-Panhuizen et al., 2012:2ff.; Ministerium fir
Schule und Weiterbildung des Landes Nordrhein-Westfalen, 2008). The formulated
objectives are designed to apply to learners of all levels of abilities, for high achievers
as well as for low achievers. Moreover, as learning mathematics takes place within
the mathematics lessons, but also outside school, and before formal education
begins, children entering school for the first time start with an existing mathematical
knowledge. In practice, children entering school are heterogeneous with respect to
their knowledge of maths. On the one hand, there are learners who have a wide range
of everyday mathematics experience, and, on the other hand, there are some with
extreme difficulties. In this article, concrete learning environments will be presented
that can contribute to the development of arithmetical knowledge and competencies
of first graders across the spectrum.

Constructivism and teaching concepts

There is consensus of the validity of the constructivist approach’s ability to define
‘knowing’ (Von Glasersfeld, 1995a) and learning in a social environment (cf. Wittmann,
2001). For mathematics education, investigative learning and productive practice are
seen as the main elements of this paradigm (cf. ibid.). Productive work is understood
in contrast to the mere reproduction of knowledge. The former should enable learners
to think, to construct and to extend their knowledge (cf. Winter, 1984; Wittmann,
1990), while being engaged in empirically observable activities and internalising actions
and images. In this way, mathematics can, eventually, become a mental activity with
numbers extending far beyond the horizon of being mere empirical entities, or used as
‘manipulatives’ (Flexer, 1986; Von Glasersfeld, 1995b). With respect to heterogeneous
learning groups, several studies and experiences in general have confirmed that
investigative learning combined with productive practice is appropriate for all learners
— especially for low achievers and children with special needs (cf. Ahmed, 1987; Moser
Opitz, 2000; Scherer, 1997; Scherer, 1999; Scherer & Moser Opitz, 2010:49ff.; Trickett &
Sulke, 1988; Van den Heuvel-Panhuizen, 1991).

Nevertheless, there is still a need for a change in attitude towards low achieving
children. This means, for instance, that the teacher has to trust the children to solve
complex problems (cf. Cobb et al., 1991:174; see also Peltenburg & Van den Heuvel-
Panhuizen, 2012). According to this view, all learners should be confronted with
complex learning environments. Investigative learning and productive practice are
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usually aligned with holistic approaches that require all learners to see relationships
between numbers, shapes, and so forth, in order to understand mathematical
structures (Trickett & Sulke, 1988:112). With regard to low achievers, holistic approaches
are avoided too often in favour of splitting up a subject matter into small fragments.
In this regard, Donaldson (1978) distinguishes between the mastering of all individual
patterns or relationships of a system, on the one hand, and understanding the nature
of a system, on the other hand. However, splitting a subject into little fragments does
not contribute to solving certain difficulties, such as understanding the structure of
our number system. As a consequence, for instance, from the very beginning of the
first year of schooling the numbers up to 20 should be offered and dealt with, instead
of introducing the numbers sequentially (cf. Scherer, 2005).

As mentioned above, one crucial requirement is differentiation. Learning tasks
on different levels of difficulty, determined by the teacher, bears the risk that some
learners are overextended, misjudged or kept at a specificinappropriate level. Research
shows that learning environments following the concept of a natural differentiation
(ND) can reduce this risk (cf. Wittmann, 2001; Scherer & Krauthausen, 2010). The
teaching units presented in this contribution show this ND in action, which means
that the learners can choose their level of working by themselves, and that it is not
predetermined. At the same time, ND makes it easier for the teacher to organise the
learning processes. All learners work on the same task or problem and there is no need
for the teacher to present different worksheets to children of different levels.

In the following section, three examples for mathematics teaching will be
presented and discussed, aiming to show how holistic teaching can happen in
practice. Firstly, different types of games, which are suitable for early childhood,
can be introduced in the early weeks in order to help the children adjust to formal
education. Secondly, activities for orientation with numbers up to 20 are introduced in
an integrated way. These activities form the basis for later calculations, which will be
described in the last section.

Games for transition to formal education

Although games are often used in mathematics classrooms, too often the main
reason is to motivate children to do mathematical tasks. You will find drill-and-practice
activities arranged as a playful activity. They are, in fact, not true games. By contrast,
there are many authentic mathematical games available to teachers, such as strategy
games, aiming at improving thinking and anticipating actions. Empirical studies
demonstrate the importance and meaning of playful learning environments for early
childhood education (e.g. Ainley, 1990; Hughes, 1986; Van Oers, 2010). As an example,
the following three games can be used for children entering school. These address
different levels of ability and work as follows:
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‘The robbers and the treasure’

‘The robbers and the treasure’ is a dice-game, where the dice ‘decide’ who the winner
is. This type belongs to the so called ‘stochastic games’. This type of game gives
learners of different mathematical levels the opportunity to win a game and the
game’s outcome is not bound to the competence of a specific child.

For the game, the plan in Figure 1, representing the number line up to 20, can be
used and the following story is told:

Figure 1: Game board for ‘the robbers and the treasure’ (Wittmann et al., 1994:68).

The narrative: Two robbers live in a forest, each of them in a big cave. The path
between these two caves is covered with 20 sequentially numbered stones. One day
the robbers discover an old, big sack hidden behind a rock. With great difficulty they
are able to get it out and to open it. They see a glittering gold nugget. Immediately, a
fight breaks out and each of them claims that he owns the treasure because he has
discovered it first. After a time, when they are both exhausted and have both fallen to
the ground, they agree that the dice should decide who will get the treasure, and they
agree to play according to the following rules:

We will place the treasure (piece) on stone 10. We then throw the dice alternately and
move the piece towards our particular cave according to the number shown on the dice.
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The one who gets the treasure to his cave first is the winner. Because stone 10 is closer to
the cave of field 1, the other robber (who moves the treasure to cave 20; see below ‘plus-
robber’) starts throwing the dice (cf. Wittmann et al., 1994:68; also Scherer 2005:129).

In the game, two children or two groups of children take the role of the robbers
(if necessary another child/group takes the role of a referee). One child goes forward
(adding), and, therefore, he/she can be called the ‘plus-robber’; the other child - goes
backwards (which entails subtracting) - and is called the ‘minus-robber’. The game
ends, when one of the players can move the treasure to field 1 or 20 or beyond that.

This game leads to a holistic view of the number line, and with that the individual
competencies of a child can be considered. This game allows natural differentiation,
which means that it can be played on different levels that are not determined in
advance:

e Children might move the treasure step by step (steps of 1);
¢ Children might move the treasure in bigger steps (steps of 2);
e Children might get the next field simultaneously; and

e Children can get to the right field by calculating in advance, which leads to the
Vygotskian Zone of Proximal Development (Scherer, 2005:131).

These different levels not only depend on a learner’s individual competency, but also
on the specific situation within the game. It might happen that a child calculates in
the area up to 10 but places the treasure one-by-one in the area from 10 up to 20.
Moreover, it depends on the operation (addition is often considered to be much easier
than subtraction) and on the specific tasks (it might be easier to calculate 7 + 2 than
7 + 6). But the transition from one level to another is fluent and can be observed by the
teacher during play. The teacher can also encourage learners to name the next target
field in advance.

For further challenges, the teacher might pose questions during the game, such as
‘The treasure is placed on the stone 17. What must the dice show to win the game?’ With
growing acquaintance with the number line, the fields can be covered with counters
and the learners can then be required to name them from memory - initially, every
second field; later on, all fields, except the points of orientation 5, 10, 15, 20; finally, all
fields (cf. Scherer, 2005:131).

This game is mainly an orientation exercise, but the transition to calculating is
fluent. The teacher can record the course of the game in form of just the addition
tasks, or reconstruct the course game (by mentioning intermediate results) (ibid.). In
addition to this, an extension with numbers up to 100 can be offered (cf. Wittmann &
Mdiller, 1990:80f.).
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The NIM-game

The following version of the so-called NIM-game is limited to numbers up to 20 (cf.
Scherer, 2005; Wittmann, 2001) and is played on the number line up to 10 or up to 20
(Figure 2; for other versions of this traditional game (see Bouton, 1902; Shriki, 2009)).

5 15
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Figure 2: Number line for the NIM-game.

The rules of the game are the following:

1. Two children play with red and blue counters on a game-board with 20 fields
arranged in a line (numbered if needed).

2. Alternately, the players place one or two counters on the board serially; the
first player starts at field 1 and has to reflect, whether he/she places one or two
counters. Then the other player places one or two counters.

3. The player who has reached field 20 wins the game.

Children start to play this game without knowing the strategy in general, and in this
way different levels of working and playing are made possible. It is not necessary
to know all the numbers, although knowing this facilitates discovering the winning
strategy. Even children who have difficulties with identifying the number symbols are
able to discover a winning strategy.

Usually, the children soon realise the first step of the winning strategy: ‘If the
partner has placed his counter on field 18, | have to place two counters.” Next, field 17
can be identified as a winning position: ‘If | have placed my counter on field 17, the
other player has just two possibilities which both do not lead to success. If he places
one counter, | will place two. If he places two counters, | will place one.” In both cases
the game will be won. This can then be discussed and illustrated on the blackboard
as shown in Figure 3. Usually, children argue for their own position in order to win
a game.

17 os
csees
PP

Figure 3: lllustration of the winning position 17.
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So the ‘new’ objective for children is to reach field 17 (it may be helpful to turn down
the fields 18 to 20 to fade out their attention), which leads to field 14 as the next
winning position, and so on. At last, it becomes clear that field 2 is a winning position
(Figure 4) and that the first player has the possibility of winning, if he/she starts with
two counters laid out.
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Figure 4: Winning positions up to 20.

The children may discover the strategy spontaneously by trying out a strategy and
different hypotheses. The teacher, however, can also discuss first discoveries and
reflect on the first winning positions with the children (see Figure 3). After having
identified the strategy in general the rules of the game can be varied (see also Scherer,
2005:139):

e Variation of rule (1): Variation of the game-board connected with an extension of
the space if you started playing it up to 10: you can play up to 12, 20 or up to 100.

e Variation of rule (2): The player is allowed to place 1, or up to 3 (or more) counters.

¢ Variation of rule (3): The player loses the game when placing his or her counter
on field 20.

With all these variations, learners should be able to develop a winning strategy. They
have to discover distinctions, but also similarities with the original version (and not
just memorise the original winning positions, which actually would not work). They
orientate themselves to their position on the number line and combine different
number aspects: cardinality in choosing one, two or more counters, or identifying the
number of fields to reach a winning position; and ordinality in identifying the number
of a field. This integration occurs in a spontaneous way.

Children entering school can play this game when dealing with numbers up to 10
or up to 20, but it is appropriate for older children as well, to foster flexible thinking.

Triangle memory game

Triangle memory is originally an African game named a ‘Tarumbeta’. It is played in the
sand with beans (cf. Zaslavsky, 1999:111f.). The adaption used in German textbooks (cf.
Miller & Wittmann, 1997) is played on a game board with numbers arranged in the
form of a triangle (see Figure 5a). Compared with the original version, the ordering
of the fields is changed (see Figure 5b). Usually, you start with four or five lines,
which means with 10 or 15 fields, but you can extend this game to 45 fields or higher.
According to the number of lines and fields the game becomes more difficult.

106



SCHERER — NATURAL DIFFERENTIATION IN THE TEACHING OF MATHEMATICS
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Figure 5a and 5b: Adapted game board for triangle memory and original version.

The general rules and objectives of the adapted game remain the same: One child
- performing as a referee (or chief) - is sitting at the top of the game board and is
responsible for seeing to it that everyone plays according to the rules. Opposite to
him/her is another child, the blindfolded candidate (or challenger). Two other children
- assistants (or players) - sit to the right and the left of the candidate. They have to
place counters on the board, and the candidate has to name the next field, which
means, before one of the assistants places his counter, the candidate has to predict
the right number of the field. The assistants alternately place one counter according
to a special rule. They begin in the first line (field 1), then they go to the next line, and
each of them goes from outside, inwards. If a line is filled, they go to the next line. The
assistant sitting left of the candidate starts with field 1. The candidate has to predict
the order of numbers according to this special arrangement. If he or she fails, another
child becomes the candidate and the next round starts with changing roles.

The learners have to remember the numbers and reconstruct the field. Those who
have internalised the number line in a rather mechanistic way, are fixed to the specific
arrangement of a line and, for instance, have difficulties dealing with a phone display
or other everyday situations, since there might be different arrangements of numbers.
The game can contribute to a higher flexibility and supports the orientation with
numbers up to 10, 15 or higher (see also Scherer, 2005:140).

Orientation with numbers up to 20

Beyond competencies in calculation, learners should master basic requirements,
especially when dealing with iconic representations, and should orientate their position
in the relevant number area (see also Van den Heuvel-Panhuizen et al., 2012:26f.). It is
important to give learners enough time and suitable experiences to build up mental
images of numbers and operations. A crucial point for classroom practice is the use of
appropriate manipulatives and representations (cf. Flexer, 1986). The teacher has to
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choose materials that represent the mathematical structure in an adequate way (like
for instance the field of 20 or 100), and flexible representations that can be extended
(cf. Wittmann, 1994). Besides the availability of adequate material, the concrete
processes of using effective structures and reflection of number relations are of major
importance.

A pupil who is unable to identify structures or patterns and to make use of them
will not ‘see’ the eight dots in Figure 6 as ‘5 and 3’ or ‘6 and 2’, but count them again
and again one by one. This pupil will have difficulties building up mental images and
developing effective calculation strategies, and will persist doing calculations by
counting the dots one by one. But calculating by counting the dots one by one will
fail in the long term, eventually when dealing with numbers up to 100, and will lead to
further arithmetical difficulties.

00000 Q0000 QOO0
OO0 OO0 OO0

Figure 6: Determining the number of dots by using structures.

Many different activities are necessary in order to develop the ability of subitising, as,
for example, creating, structuring and describing patterns (cf. Scherer, 2005:141ff.;
Thornton, 1978). These activities should be combined with flash exercises,’ ‘How
many?’ (cf. Wittmann & Mdiller, 1990:73ff.). For enhancing the flexibility, not only
the decimal structure, including the sub-structure of five (Figure 7; cf. ‘power of five’
Flexer, 1986) should be used, but also less familiar structures (Figure 8). Such activities
not only influence the competences with numbers up to 10 directly, but support
insight for working with larger numbers.

@000 ® OOOOO 00000 900000
00000 O OOD [OOOOO0 OOOOO]

b

Figure 7: Identifying ‘fives’ for ‘tens’ in the field of 20.

Q0O O 0O OO0
QOO QOO  OOC
OO0 OO0 OC

Figure 8: Interpreting less familiar arrangements and structures.
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Another crucial issue is the coordination between several models and representations
and between inactive, iconic, and symbolic levels (intramodal and intermodal transfer,
see Bruner, 1969; see also Van den Heuvel-Panhuizen et al., 2012:32ff.). Adequate
activities, not only for school beginners, but even in the higher grades, with numbers
up to 1 000 or beyond, should facilitate both types of transfer. Since it might be
difficult for the children to see a similar or even the same structure (cf. Lorenz, 1992),
the transfer from one representation to another is an important activity (cf. Figure 9).
Having internalised the mathematical structures and number relations, activities on
the symbolic level are done more insightfully (see also Menne, 2000).

(111 ] NOO00e)
@ OO0 OOODO I RENEEN

Figure 9: Coordination between the field of 20 and the number line representing 6.

Calculation activities with numbers up to 20

For the systematic instruction of addition and subtraction with numbers up to 20, the
above mentioned solid foundation is of major importance. As pointed out for the use
of materials, the emphasis on structures and the relationship between numbers is
important for calculation activities. The ‘operative principle’ (Wittmann, 1985) should
be a central principle for instruction.

One of the main topics for first graders, the ‘addition table’, bears the risk that
learners may just try to memorise all tasks without any insight and without making
the appropriate the connections. For numbers up to 20, this strategy might still be
successful, due to the limited number of facts to be remembered, but this does not
lead to the extension of knowledge to larger numbers. Unfortunately, this limitation
of knowledge might not be easily identified by a teacher.

When solving tasks related to the addition table, numerous number properties
and relations should be discussed. For example, with a task such as 4+3 also the
commutative property, the ‘exchange task’ 3+4 should be reflected as well as the
‘neighbour tasks’ 4+2, 4+4, 3+3 and 5+3. Moreover, analogous tasks, that indicate the
extension to larger numbers and further topics, are of major importance. Learners
should gain insight into the connection between 4+3 and 14+3, not only on the symbolic
level, but also on the iconic level (Figure 10). These relations form the foundation for
further topics and relations (4+3, 14+3, 24+3 etc.) and should build up a child’s general
knowledge (cf. Winter, 1984:7f.).
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4+3=7 1443 = 17
o000 0000 0000 00000
o000 COOCO 00000 00000

Figure 10: Relations between 4+3 and 14+3, represented on the iconic and symbolic
level.

For realising natural differentiation, operative series of tasks can be used: One set of
tasks is given, and the learners have to work them out as well as continue with the
series. Before starting to calculate, the learners should reflect on the given tasks’
patterns and relationships, and think about how to make use of these patterns for
calculation, how to minimise the calculations. Of course, this should not be done in a
mechanistic way but with insight and reflective discussions.

Example:
5+1=
5+3=

5+5=
5+7= How to proceed?

The levels of processing may vary individually:

e Learners work out the given tasks (by mental calculation or with the help of
manipulatives and representations);

e Learners create further tasks; that means they identify and continue the pattern
(the number of further tasks is flexible); moreover, they have the possibility of
representing the addends at the »1+1-table« (cf. Wittmann & Mdiller, 1990:42ff.,
material that represents all tasks of the addition table and illustrates pattern and
relationships by colour, Figure 11);

e Learners work out the self-created tasks;

e Learners describe and justify the given pattern (where appropriate supported by
iconic representations); and

e Learners describe and justify the pattern of the results (where appropriate,
supported by iconic representations).

While collecting and reflecting on the solutions that they have found, children might
learn from each other and gain more insight into mathematics. The earlier these
structures are discussed and reflected upon in the classroom, the more likely they are
to be transferred to larger numbers and future topics.
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Figure 11: Set of tasks represented at the 1+1-table (Wittmann & Miiller, 1990:43).

A final optional assignment involves the solving of open-ended problems that give the
learners the freedom to choose tasks or methods of calculation. This type of task may
help to clarify existing misconceptions, but at the same time, it enables the learner
to show his or her capabilities (make use of arithmetic structures and properties,
systematic work, etc.) This type of activity incorporates natural differentiation as
well. It includes tasks on different levels that are neither fixed nor determined by
the teacher.

Open-ended problems can be offered with the task format ‘number triangle’:
Number triangles can be worked on with counters or with number symbols and follow
the rule (see Wittmann & Miiller, 2004:144f.; Scherer & Krauthausen, 2010): The sum of
two adjacent interior fields is written down in the exterior field.
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8 10,

Figure 12: Number triangles with number symbols and with counters.

For example, an open-ended task could be to Find number triangles with 10 counters!
(cf. Scherer, 2005:183f.). The learners have to look for a decomposition of 10 in
three addends. Usually, this happens at the beginning, by considering possibilities
unsystematically. At the same time, it also allows for a more systematic approach. This
could be encouraged by the teacher through inquiries about strategies and solutions
(‘How did you find a new or a next solution?’). Finally, learners may find several (or all)
solutions in the range of an extreme distribution (Figure 13a) and nearly a uniform
distribution (Figure 13b). In the on-going process, the calculations can become
symbolic tasks.

o3 [0

Figure 13a and 13b: Distribution of 10 counters in a number triangle.

With these open-ended tasks, the danger of overtaxing learners can be avoided as
they can choose tasks on their individual level of ability. These open-ended tasks can
be realised in every form of the learning environment. It has been found that children
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often approach open-ended problems with more motivation because the results are
assessed not only as right or wrong, and therefore, reduce the fear of failure (cf.
Grossmann, 1975).

Conclusion

Substantial or complex teaching units such as those presented in this article are not
only appropriate for the ‘good’ learners. Children who have difficulties in calculating
will also be able to discover and use adequate strategies and relations between
numbers (cf. Scherer, 1999). Learning environments, like the ones suggested here,
can contribute to the development of both the contentrelated competencies
and the process-related ones (cf. National Council of Teachers of Mathematics,
2000; Sekretariat der Standigen Konferenz der Kultusminister der Lander in der
Bundesrepublik Deutschland, 2005) and should lead to successful learning processes
in mathematics. Moreover, the illustrated structures and patterns form the necessary
basis for understanding the nature of mathematics (see also Van den Heuvel-
Panhuizen et al., 2012:6f.).

Since tasks of different difficulty are presented in a natural way, natural
differentiation can be realised and all learners can contribute to the same (general)
task. The danger of overtaxing the weaker learners and undertaxing the more able ones
can be reduced considerably (cf. Scherer, 1999; Wittmann, 1990:159). Giving freedom
to learners to test their limits can support both motivation and self-confidence without
overtaxing them. Low achievers are often underestimated or misjudged, and teachers
often restrict their opportunities to succeed by failing to adopt a more open-ended
approach to problem solving (see also Peltenburg & Van den Heuvel-Panhuizen, 2012).
Providing learners with appropriate support, entails making certain demands and
aiming at long-term learning processes instead of focusing only on short-term success.

The teacher must have considerable patience, since these processes will initially be
time-consuming. It will take time for leaners, in the higher grades, to change strategies
if they have been accustomed to working with more reproductive methods. But the
time invested is more likely to yield dividends and will be far more effective than pure
quantitative extension of training. Over the long-term, this affords school beginners a
greater chance to develop active learning styles.

The quality of teaching is of great importance, especially for low-achievers:

Good teaching that emphasises the structure of a subject is probably even more
valuable for the less-able student than for the gifted ones, for it is the former,
rather than the latter, who is most easily thrown off the track by poor teaching
(Bruner, 1969:9).

As illustrated above, the concept of natural differentiation, in accordance with
a constructivist perspective, represents a sustainable concept for teaching and
learning mathematics in the primary grades, as well as, for education in general (cf.
Wittmann, 2001).
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Endnote

1 The concept of ‘flash exercises’ (Wittmann & Miiller, 1990:73ff.) aims at automatising certain
basic elements of arithmetical knowledge.
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