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Abstract

Background: Pre-service teachers (PSTs) training does not equip students with adequate skills and knowledge of geometry to enable them to teach this section of mathematics competently. Inadequate teacher knowledge of transformation geometry, in particular, requires intervention that targets PSTs’ faulty reasoning displayed in errors they make.

Aim: The aim of this study was to explore the use of Bachelor of Education (BEd) students’ faulty reasoning in geometric translations, in designing a Van Hiele phase-based instructional programme that could address such faulty reasoning.

Setting: The setting for the study was a newly established rural university in South Africa.

Methods: Tests on geometric translations were administered to BEd Foundation Phase students, followed up by interviews to explore errors made when responding to the test items. The errors were then mapped to the design of a Van Hiele phase-based instructional programme.

Results: The results revealed that the students had several misconceptions with geometric translations. The misconceptions were delineated into the errors that the students displayed and these were classified under two themes. The first theme was incorrect properties of transformation and under this theme, the errors were coded as confusing translation with rotation, wrong translation method, incorrect interpretation of coordinates and confusing the x and y axis. The second theme was errors involving basic mathematics operations including wrong diagrammatic representation of coordinates and incorrect calculations.

Conclusion: The study showed that if the students’ misconceptions and the resulting errors are mapped to specific instructional approaches, their faulty reasoning in geometric transformations is addressed and effective learning is enhanced.
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Introduction

Low performance in mathematics has been a worldwide challenge for many decades, for instance, in 1989, the then president of the International Commission on Mathematics Instruction (ICMI), Dr Hassler Whitney said ‘for several decades we have been seeing increasing failure in school mathematics education, in spite of intensive efforts in many directions to improve matters’. This scenario is true even today. Mathematics education in South Africa is labelled as being in a state of crisis, with learners performing dismally in several international assessments such as Trends in International Mathematics and Science Studies (TIMSS) (Spaull 2013). Further evidence attests to the fact that learners’ poor performance in mathematics is, to some extent, associated with the kind of teaching and learning that students obtain throughout their schooling years. For example, Stols et al. (2015) raised the concern that mathematics education offered to South African learners remains inferior, even though it has been acknowledged as one of the country’s national priorities. Inadequate or deficient teaching of mathematics is more pronounced within the geometry section. For instance, research has shown that geometry receives little attention in both primary and high school teaching as teachers focus mainly on arithmetic or algebra (Makgato & Mji 2006; Sinclair & Bruce 2015). Hence, student performance in geometry has contributed significantly to the overall low performance in mathematics over the years (Evbuomwam 2013).

Teachers are believed to play a significant role in the quality of mathematics that is offered to students, through the knowledge that they bring to the classroom (Ball, Hill & Bass 2005; eds. Rowland & Ruthven 2011). Therefore, efforts to improve students’ performance in mathematics need to involve the empowerment of teachers with better knowledge and skills that enable them to teach mathematics effectively. This is crucial, especially given the inadequacy of teacher training in preparing teachers for teaching mathematics effectively. Teachers’ lack of requisite mathematical knowledge and skills disadvantages students, who, most of the time, depend on teachers for their achievement in mathematics (Graven, Hewana & Stott 2013). Besides teachers’ lack of adequate general knowledge of mathematics for teaching, research also shows that the situation is dire when it comes to their knowledge of geometry (Ndlovu 2012), especially with teachers at primary education level (Luneta 2014; Žilková, Gunčaga & Kopáčová 2015). Hence, studies that focus on the improvement of primary school pre-service teacher’s (PST’s) knowledge and understanding of geometry are desirable. A significant part of improving that knowledge would be to understand the challenges PSTs encounter when studying and teaching geometry and address them.

This article is derived from a bigger study that sought to examine PSTs’ challenges with transformation geometry in the context of primary school teacher training. The focus here is on exploring problems involving geometric translations, in order to design relevant instructional activities that will address such challenges. Through the researchers’ experience of teaching transformation geometry to students in the Bachelor of Education (BEd) in Foundation Phase (FP) programme, they have seen the errors displayed and misconceptions held by students when learning about this topic. This study therefore seeks to explore these errors and map them to the design of a programme of instruction that is informed by Van Hiele phase-based learning. The error mapping intervention was intended to assist the researchers and other mathematics lecturers and teachers in general in mediating the teaching of geometric translations.

Research indicates that even though teachers are able to identify overall trends and weaknesses in their learners’ work, they lack skills to apply this knowledge in developing a suitable intervention programme (Holmes et al. 2013). Furthermore, intervention programmes that mitigate against student’s poor performance in mathematics in the South African context, often focus on high school level, despite evidence that achievement is best raised by focusing on the primary school level (ed. Bernstein 2013). This study therefore contributes towards focusing intervention towards the required mathematics content and level: the improvement of geometry teaching and learning at the FP level of PST training.

Problems experienced by students with geometry in general and transformation geometry in particular

Deficiencies in geometric reasoning exist with both students and teachers. Studies involving investigations into South African pre-service mathematics teachers’ levels of reasoning in geometry revealed that many teachers struggle to solve geometric problems that require logical abstract reasoning in the proof of statements made (Van Putten 2008). The findings of another study conducted by Adolphus (2011) in Nigeria concluded that most mathematics teachers have a poor foundation in geometry and are therefore not capable of teaching geometry well. Moss et al. (2015) supported the assertion that teachers, especially at the primary school level, have inadequate knowledge of geometry, resulting in geometry not receiving adequate teaching time.

Transformation geometry deals with the way geometrical shapes or objects are changed into their various images under a transformation. Transformation geometry covers translations (all points of the shape are moved through the same distance in the same direction on a plane), reflections (a line is used like a mirror to reflect a figure) and rotations (a shape is turned about a point through a given angle) (Aktaş & Ünlü 2017; Bansilal & Naidoo 2012; Evbuomwan 2013). Transformation geometry has been identified as one aspect of geometry where students experience challenges (Ada & Kurtulus 2010; Bansilal & Naidoo 2012; Evbuomwan 2013; Luneta 2015b). For example, students lack understanding of the geometric meaning of translations and rotations, even though they seemed capable of working with algebraic calculations involving these types of transformations (Ada & Kurtulus 2010). On the contrary, in Naidoo & Bansilal’s (2010) study, students did not work competently with algebraic problems because of confusing rules of transformation geometry such as the rules of reflection with those of rotation. A study by Luneta (2015b), which focused on Grade 12 students’ knowledge of geometry, outlines some of the problems students encounter when solving tasks or involving transformation geometry. Amongst the errors students exhibited were confusing the line y = x with the y- and x-axis.

Foundation Phase student teachers, in particular, tend to have limited basic knowledge of transformation geometry, which leads to the confusion of the properties of, and applicable rules between the different types of transformations (Luneta 2014). This confirms earlier studies by Gomes (2011), who discovered that even though elementary teachers seemed aware of some of the properties such as the preservation of length, orientation and parallelism, they could not correctly perform a horizontal translation of a horizontal flag. A study by Kurt-Birel, Deniz and Önel (2020) further alluded to primary school teachers’ weak knowledge of properties of transformation geometry (translation, reflection and rotation). They concluded that most prospective primary school teachers’ knowledge of translation was fragile and they exhibited difficulty in explaining and understanding concept involved, such as defining translation whilst relating it with a plane, motion, transformation or vector. Bansilal and Naidoo (2012) also highlighted the lack of visualisation skills with teachers and the subsequent inability of teachers to use visualisation as a reasoning process and tool. Visualisation skills are a significant part of learning transformation geometry because physical changes between an object and the image involve visual differences that need to be discerned (Mudaly & Rampersad 2013).

Students’ misconceptions and the associated errors in transformation geometry are stubborn and persistent (Bansilal & Naidoo 2012). Further studies and invention initiatives are, therefore, necessary. This research attempted to provide further insights into the notion of effective mathematics teaching approaches by using an intervention strategy. The intervention was a design of an instructional programme that isolated student teachers’ errors and mapped them onto a step-by-step procedure aligned to specific activities.

Error analysis

This study involves PSTs’ faulty reasoning in transformation geometry. Faulty reasoning is detected in the errors students display. Luneta and Makonye (2010) described an error as a mistake, slip, blunder or inaccuracy and a deviation from accuracy. Errors are often displayed in students’ written work or in oral communication. It is from the displayed errors that teachers can associate the underlying misconceptions responsible for them. Hence, misconceptions are not easily detected by simple observation. Hansen (2017) assets that misconceptions might relate to misapplication of certain rules, an over-generalisation or under-generalisation, as well as an alternative understanding of a certain concept. In other reviews, the link between errors and misconceptions is that errors are slip-ups and non-systematic, whilst misconceptions are regarded as the more serious systematic errors (Makonye 2011). Fundamentally, errors are as a result of misconceptions and are formed in a learner’s head and displayed on a piece of paper or in a conversation.

Examples of instances that might involve non-systematic errors include the misreading of information by students or unintentionally leaving out an important piece of information. In such cases, students are likely to correct the error themselves, because there is no existence of underlying faulty conceptual understanding associated with the error. On the other hand, systematic errors involve the lack of understanding of underlying concepts (Makonye 2011). In such cases, the teacher often needs to guide the student towards identifying and correcting the error.

Analysis of errors was critical in this study because as the preceding literature indicates that students’ challenges with transformation geometry were because of some underlying misconceptions that resulted in errors. Hence, such misconceptions need to be explored, if intervention efforts are to be successful. The importance of analysing students’ errors lies in the benefit that they derive from being made aware that, for example, the conception they have been holding onto has been arrived at by flawed methods, which then impedes their performance in the subject (Schepper & McCoy 2013). However, the intention is not to make students feel guilty for making errors. Instead, they should consider errors as bouncing boards for conceptual knowledge acquisition and form an important part of the learning process (Hansen 2017). Matteucci, Corazzal and Santagata (2014) concurred that student errors cannot be avoided. Instead, teachers should use the existence of errors to redesign lessons by making errors catalysts for learning (Bray & Santagata 2014).

The misconception and the errors that result in students’ incorrect or faulty reasoning have to be isolated and unpacked, so that attempts at intervention target the correct concept or procedures needed to address them. One way of unpacking the errors is by designing learning experiences that are likely to provoke the errors concerned, so that the hidden misconceptions are revealed and corrected (Zehetmeier et al. 2015). Therefore, students must be engaged in conceptual experiences through assessment tasks and other learning activities to allow the misconceptions to emerge. Such engagements provide teachers with opportunities to revise or adjust their teaching approach (Shalem, Sapire & Sorto 2014). The intervention programme that resulted from this study served the purpose of facilitating prolonged engagement with PSTs and points to various strategies that addressed misconceptions and resulting errors that were because of the lack of conceptual understanding of transformation geometry.

The use of error analysis to design a comprehensive instructional programme that uses students’ errors and faulty reasoning in transformation geometry as a starting point is one of the strengths of this study. This, especially, in the absence of error analysis acts as a tool to diagnose and address learner challenges in transformation geometry in the context of South African PST education programmes (Luneta 2008). It is further envisaged that this study would benefit lecturers in teacher education and teachers of mathematics in general. PSTs and teachers can use the study and the instructions programme developed to enhance the learning and teaching of transformation geometry. Alternatively, teachers can adapt the programme and use it towards developing their own instructional programmes based on analysis of student errors. Riccomini (2005) declared that whilst teachers might succeed in describing and understanding errors made by their students, most of them still lack the skills needed to align their lessons with the errors identified.

Van Hiele theory

A Dutch couple, Pierre van Hiele and Dina van Hiele, in their work as mathematics teachers, conducted extensive research with the aim of understanding students’ reasoning in geometry. The results of their research culminated in the formulation of the now seminal Van Hiele theory, which is premised on the idea that students go through five levels of reasoning when working with geometric concepts: Recognition or visualisation, Analysis or Descriptive, Ordering or Informal deduction, Formal deduction and Rigour (Pusey 2003; Van Hiele 1986).

The strength of Van Hiele levels lies in the role of the teacher during the teaching and learning situation, where the student is guided using language that is appropriate for a specific level, towards achieving the next, higher level of reasoning.

In an attempt to help students proceed from one level to the next, the Van Hiele theory proposes five phases of learning that teachers can use to plan instruction (Abdullah & Zakaria 2013; Alex & Mammen 2016; Crowley 1987; Pusey 2003):


	Information phase – The teacher determines students’ prior knowledge, which helps in deciding how to pitch the introductory activities for the topic of interest.

	Guided Orientation phase – Students are guided by the teacher, using simple but carefully structured tasks, towards making discoveries about the topic and helping them progress from one level to the next.

	Explicitation phase – The teacher assesses students’ progress by asking them to explain their understanding about the topic, in their own words, and then introduces formal vocabulary where students used non-technical terms.

	Free Orientation phase – Students work on open-ended and more challenging activities, including investigations to discover relationships between concepts. They are expected to use the correct vocabulary which has been developed in previous phases.

	Integration phase – The teacher asks students to review and summarise the subject matter they have learned, in order to determine if they have developed an overall understanding of the topic of interest.



The Van Hiele theory proved to be a valuable framework in various studies that used it to explore and address students’ problems with geometry (Panaoura & Gagatsis 2009, Bansilal & Naidoo 2012, Luneta 2015b, Alex & Mammen 2016). A common outcome that is realised using Van Hiele theory is that, for instruction to be effective, the communication between the teacher and the students has to be at the level of development of the students. Teachers need to use a language that matches the reasoning capabilities of the students, and then gradually guide them towards using the correct mathematical vocabulary by the end of the lesson. Failure to do this could result in the teachers’ intended communication being interpreted incorrectly (Kuzniak & Rauscher 2011), which could lead to a lack of conceptual understanding and the development of misconceptions (Mateya 2008). Continuous and focused engagement with students, using a carefully planned instructional programme has a potential to enable the teacher to pick up possible miscommunication and address it.

Most studies applied Van Hiele theory at the schooling level than at the post-school level. Hence, Feza and Webb (2005) suggested more application of the theory in pre-service and in-service mathematics teacher training. This study therefore has the potential to contribute to knowledge in this field. Some teachers registered their difficulty in implementing effectively a geometry curriculum which they did not design themselves (Yilmaz et al. 2011). If such teachers could start by identifying their own students’ faulty reasoning in geometric concepts and contribute towards the design of the instructional programmes, such as the one in the current study, there is a possibility of an increase in competence and confidence amongst teachers. The added benefit of such contextualised contributions could be the reduction of dependency on textbooks, which is either not easily available (Ilaslan 2013), or provides simplistic and routine-like approaches to the teaching of mathematical concepts (Luneta 2015a).

Despite its significant contribution to the teaching and learning of geometry, the Van Hiele theory has been questioned for some of its potential weaknesses (Sinclair & Bruce 2015). For example, concerns have been raised that there is a possibility of students being in transition between levels or advancing to higher levels with some concepts and not with other (Mayberry 1983). This study took cognisance of these important observations by ensuring that the interventions at various levels of the Van Hiele theory were comprehensive and included various assessment tasks and illustrations and the teaching approach was research-based (Pegg 1985).

Based on its success in analysing student reasoning with geometry, as well as its potential in addressing challenges that students might have with understanding transformation geometry, the Van Hiele theory is used in this study to achieve the objective as articulated below.

The objective of this study was to explore BEd in FP students’ faulty reasoning in geometric translations in order to design a Van Hiele phase-based instructional programme.

Therefore, the study sought to answer the following main research question:

How can BEd FP students’ faulty reasoning in geometric translations be used to design a Van Hiele phase-based instructional programme:


	What errors and associated misconceptions do BEd (FP) students make and have when solving problems involving geometric translations?

	What steps can be followed to map student errors and misconceptions in geometric translations to the design of a Van Hiele phase-based instructional programme that can address such faulty reasoning?



Research methods and design

Study design

This qualitative interpretive study (Cohen, Manion & Morrison 2010) sought to gain an in-depth understanding of students’ reasoning when working with geometric translations. This understanding would then inform the design of an instructional programme that addressed faulty reasoning amongst students. Therefore, the research approach adopted in this study was design-based research, a formative approach in which a product or process is designed and developed (Swan 2014), with the aim of educational improvement of learning, using a local instruction theory (Gravemeijer & Eerde 2009) of Van Hiele phase-based instruction.

Setting and sampling strategy

The participants for the study were BEd in FP students in their second year of study at a newly established rural university in South Africa. Just under half of the students did Mathematical Literacy (ML) in their matric and the rest, except for one, did Mathematics. This distinction according to the two subjects could have had an effect on student performance because quite a number of students who did ML voiced their concern over the fact that they never did transformation geometry during their Further Education and Training years.

Even though all second year students registered for the mathematics module in the BEd programme formed the target sample and gave consent to participate in the study, 82 students participated in all the phases of data collection. Sampling was purposeful (Creswell 2012). All the students were sampled because, firstly, that was the year in which the topic of transformation geometry was taught and secondly, an intervention programme that was planned for later on had to include these students.

Data collection

Data collection for the study occurred in three stages: tests, interviews and instructional design activities.

Stage 1: Tests

The participants wrote two tests, a short multiple choice (MC) test and a longer discussion (D) test where students had to give explanations or show calculations for their answers. Both tests were administered during the first semester of the year, which coincided with the period during which transformation geometry was supposed to be taught as part of the BEd curriculum. The tests were written before teaching any topic and therefore served as diagnostic tools to assess students’ understanding of challenges with geometric translations, so as to answer the first research question (Flick 2018). The test items were adapted from Soon’s (1989) Van Hiele like levels for learning transformation geometry (shown in Table 1 for levels 1–4, in the context of this study), Burger and Shaughnessy’s (1986) isometric transformations in the Van Hiele framework, as well as Guven’s (2012) ‘Transformation Geometry Achievement Test’ (TGAT) and the ‘Learning Levels of Transformation Geometry Test’ (LLTGT). This ensured validity and reliability of the MC and the D tests because they were based on the above-mentioned frameworks which have been tested and validated before.
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Stage 2: Interviews

Semi-structured interviews were carried out with 21 students as key informants (Cohen, Manion & Morrison 2000) in order to get insight into their faulty reasoning that led to the display of errors. Willing interviewees were selected based on their performance in the tests, in such a way that a wide representation of the test items was included. Student’s responses were recorded for accuracy when transcribing and analysing, as well as to capture non-verbal actions or behaviours. The interviews supported data from the tests, in assisting the researchers to understand the misconceptions associated with the errors displayed, and to be able to fully answer the first research question. The use of interviews thus facilitated methodological triangulation (Cope 2014), reduced chances of researcher bias because of possible misinterpretation of errors displayed in test scripts, resulting in increased credibility of the study.

Stage 3: Instructional design activities

Following the analysis of data from the tests and interviews, an instructional design programme, based on Van Hiele phases of learning, was developed. Errors on geometric translations, which were already coded and categorised, were used to develop activities at the different Van Hiele levels. The activities were then linked to the five Van Hiele phases of learning.

Data analysis

Thematic analysis (Braun & Clarke 2006) was used to analyse the tests and the interviews. Students’ responses, as recorded in test scripts, were analysed according to Braun and Clarke’s (2006) six phases of thematic analysis. That is, the researchers first familiarised themselves with the data, then they generated initial codes, organised the codes into possible themes, reviewed, defined and named the themes to produce the final report. Analysis of interviews started with students’ verbal recordings from the video transcripts. A similar process of thematic analysis was used in analysing the tests. The analysis was inductive because the themes were data driven (Clarke & Braun 2014). The themes created from the analysis of tests and interviews were used to answer the first research question. Analysis of data from the Van Hiele phase-based instructional design entailed content analysis of the activities that appeared in each of the phases, at a more micro level (Wilkinson 2000) to see if they were mapped to the correct theme (which represented some type of error). The analysis resulted in a record of clear, step-by-step teaching approaches derived from the analysed errors. The error analysis further gave guidance on how learning can be facilitated using various assessment tasks on transformation geometry.

Ethical considerations

Permission to conduct research was sought and obtained from the University of Johannesburg where the participants were enrolled. Written consent was obtained from all participants in the study, before the commencement of the research activities. The participants were informed of the purpose of the study, the procedures to be followed during the period of participation, such as video recording if they gave consent, as well as the freedom to withdraw from participating in the study any time if they chose to. The participants were further informed of confidentiality regarding sharing information that they might come across during the research, such as their names and their identities. Ethical clearance number: 2018-081

Results

Research sub-question 1

The first research question for the study was: What errors and associated misconceptions do BEd (FP) students make and have when solving problems involving geometric translations?

After completing Braun & Clarke’s (2006) six phases of thematic analysis, Table 2 was created, depicting the overall themes generated from the analysis of data from tests and interviews in response to the first research question. In response to the question students displayed different forms of errors. Figure 1 shows how thematic analysis was used to formulate themes, which fell under two main categories: non-systematic errors and systematic errors. The figure further illustrates two themes of the most prominent errors, where n represents the number of students that displayed the errors out of 82. The first theme was incorrect properties of transformation and under this theme the errors were coded as: confusing translation with rotation (n = 18); wrong translation method (n = 29), incorrect interpretation of coordinates (n = 21) and confusing the x and y axis (n = 8). The second theme was errors involving basic mathematics operations and under this theme the errors were coded as: wrong diagrammatic representations or interpretations of coordinates (n = 11) and incorrect calculations (n = 21).
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Further analysis of the tests and interviews provided the answer to the above question. The first and second columns indicate the number of the question from the original test and an example of a students’ faulty response to the question, respectively. Additional researchers’ comments or explanations, where applicable, appear in the second column, in bold. The third column indicates, where applicable, key phrases and sentences used by students during interviews to substantiate their (faulty) responses as given in the second column.

The last two columns in the table answer the research question. That is, the errors and associated misconceptions are listed under the two main categories: Non-systematic errors and systematic errors.

Research sub-question 2

The second research question for the study was: What steps can be followed to map student errors and misconceptions in geometric translations to the design of a Van Hiele phase-based instructional programme that can address faulty reasoning?

The programme overview is summarised to indicate how the activities that form part of the programme design were linked to the different Van Hiele phases as well as Van Hiele levels.

Summary of the overview of the program design

The Van Hiele programme design was summarised as depicted in Table 4 and this was used in developing the instructional as well as assessment activities for students.

The starting point towards answering this question was the isolation of the errors, as they appear under each theme from the results of tests and interviews, in Table 3. For each error, an activity that targeted the particular error was then developed and mapped to the error. Each activity had to be aligned to both Soon’s (1989) Van Hiele-like levels (in Table 1) as well as to Van Hiele phases of learning. For example, in Table 5, the first four errors and misconceptions on the left-hand column were mapped to the first activity that is described on the right-hand column. This activity is linked to Soon’s level 2 characteristic: ‘Relates transformations using coordinates’. At the same time, the activity would be used during Van Hiele’s Guided Orientation Phase, which has been described in an earlier section under ‘Van Hiele theory’. Similar steps were taken to create the other examples of activities that appear in Table 5. Further explanatory notes that accompany each activity have been included in column 2 of the Table in order to justify how each activity is mapped to the error.
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Discussion

The main purpose of this study was to explore BEd in FP PSTs’ faulty reasoning in transformation geometry, with a focus on geometric translations. The understanding of these faulty reasoning, as displayed through errors made by students, was to be used to design Van Hiele phase-based instructional activities that were mapped to the errors and misconceptions identified. The instructional design was meant to assist teachers and PST educators with the development of instructional material used to facilitate an intervention that would seek to address and help improve students’ faulty reasoning in transformation geometry. The instructional design was critical considering the lack of such interventions at the South African primary school level of mathematics education, as well as the scarcity of relevant textbooks for targeted intervention. The mapping of activities to errors formed the major part of the study and the results were a programme that can be replicated with other aspects of transformation geometry such as reflection and rotation.

The results of the study revealed that BEd in FP students have several misconceptions associated with learning and solving tasks involving geometric translations. These errors were classified under two main categories: non-systematic errors and systematic errors, confirming previous studies (Makonye & Luneta 2010). Amongst non-systematic errors, the issue of language deficiencies featured prominently, where students could not effectively communicate their ideas, leading to, for example, incorrect descriptions of geometric translations. This confirms the findings reported in previous studies, especially those that used the Van Hiele theory to explore students’ reasoning in geometry in general, and in transformation geometry in particular (Kuzniak & Rauscher 2011). Students also tended to confuse properties of translations with those of other types of transformations. Similar findings were reported in Kaplan and Öztürk’s (2014) study, where students struggled to differentiate between properties of figures after translation and reflection. A number of students in the study also made errors involving algebraic calculations, similarly to those of a study by Naidoo and Bansilal (2010), who concluded that students did not work competently with algebraic problems when doing transformation geometry.

The use of Van Hiele phase-based instructional design in this study provides a novel way of using students’ errors and misconceptions to enhance learning outcomes. Student errors were mapped successfully to activities designed using both Van Hiele levels and Van Hiele phase-based activities. Step-by step guidance is provided for teachers and other potential beneficiaries in mathematics education on how to map student errors with activities.

We propose for other studies that could work with teachers and PST educators to actually implement an intervention based on Van Hiele phase-based instructional design. Such research could use the activities developed in this study. However, the strength of such implementation would lie in their ability to be innovative as well as to envision how their students might participate in the proposed activities (Gravemeijer & Van Eerde 2009). As shown in the activities designed in this study, the instructional designer must anticipate how students might respond to questions found in the activities, and already have suggestions and alternatives in place for those students who might need remedial support. This is especially important because of the possibility of students who might not conform to the norm of Van Hiele levels, and perhaps be in transition between levels (Sinclair & Bruce 2015).

Conclusion

In this research, a series of activities, based on the Van Hiele phases of learning, were developed, and used during the implementation of an intervention programme to address students’ errors in transformation geometry. These activities were organised into a comprehensive document that provides guidelines and activities on teaching transformation geometry to student teachers in the FP. This research thus contributes to knowledge creation. This is important because it gives teachers an idea of how to design and use instructional programmes such as one based on Van Hiele theory to improve learners’ reasoning and understanding of geometry, a component of mathematics that presents with challenges throughout the schooling years.

Teacher educators should re-think the strategies they use to address challenges they experience with their students’ competence and reasoning in geometry. This study has shown that if student errors and misconceptions are the starting point of lesson planning and design, there are better chances of focusing instruction where it will make an impact, given that one would already know what concepts to target, what concepts to spend more on or be more innovative with. We further point that one should not start from scratch because there are available theories, such as Van Hiele phase-based instruction, that have been well researched and give clear guidelines on how to adapt and use them for one’s unique situation.
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TABLE 4: Overview of the Van Hiele phase-based programme design.

Van Hiele phase

Focus of design programme activities: Examples at Van Hiele level 2

Information phase — Teacher identifies what students already know

Guided orientation phase — Students work on teacher-specified tasks
under teacher guidance

Explicitation phase ~ Students explain and express their views, building
on previous learning experiences

Free orientation phase — Students are given open-ended tasks with
multi-path solutions and are required to do investigations on their own

Integration phase - Students review, integrate and summarise what
they have learned in order to develop a new overall view

Teacher determines if students could discover properties of changes to a point resulting from translation
and if they recognise specific properties of shapes.

Teacher guides students towards discovering the relationship between physical translation of points on
the coordinate system of axes and corresponding algebraic changes in coordinates.

Students express their understanding of both algebraic calculations and physical shifting of shapes when
working with translations.

Students use properties of translation to provide own solutions and argue convincingly about whether
given figures are translations of each other or not.

Students answer questions based on the key concepts and knowledge acquired on translation at the
current Van Hiele level 2, before the phase-based instruction process is repeated for the next Van
Hiele level 3.
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TABLE 3: Themes generated from the analysis of tests and interviews to answer research question 1.

Themes

Errors and associated misconceptions

Non-systematic errors

Systematic errors

Incorrect properties of
transformations

Errors involving
language issues

Misreading or
misunderstanding
instructions

Errors involving basic
operations

Incorrect plotting of
points

Missing information

Carelessly reading/writing words without paying
attention, such as reading/writing x-axis as y-axis.

Reading instructions carelessly without paying
attention or focusing on what s required.

Leaving out a negative sign when writing
coordinates. Plotting incorrect points, and then
realising the error on their own.

Leaving out a negative sign when writing
coordinates and then realising their careless

Inability to recognise (visually or otherwise) geometric translations, for example, when a figure has
changed orientation, or visualising what a figure should look like after a particular translation.
Confusing, swapping or considering only some of the properties (and ignoring others) of
translations.

Example: Identifying a translation as a reflection.

Inability to physically perform a translation

Incorrect or inappropriate description of a translation

For example, Believing that translations always ‘move from left to right’

Atranslation always results in an image being ‘in a different quadrant’ than the original figure

Inadequate knowledge of, unfamiliarity with or confusing certain terminology used in geometric
translations, such as translation vector, x-axis versus y-axis.

Inappropriate or incoherent vocabulary used when describing transformations, such as: *..measure
the size of the shape...’ (challenges with communicating using the correct language)

Interpreting instructions incorrectly resulting in performing the wrong action or transformation
Incorrect calculations resulting in plotting of incorrect points or incorrect transformations

Swapping x-coordinate with y-coordinate, or leaving out a negative sign from the x- or y-
coordinate, leading to plotting of incorrect points and drawing of incorrect figures.

mistake on their own
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TABLE 5: Mapping errors and misconceptions to Van Hiele phase-based activities.

Errors and misconceptions

Van Hiele phase-based activities

Misreading or misunderstanding instructions

« Reading or listening carelessly to instructions
without paying attention or focusing on what is
required.

« Interpreting instructions incorrectly resulting in
performing the wrong action or transformation.

« Inappropriate or incoherent vocabulary used
when describing transformations

Errors involving basic calculations

« Incorrect calculations resulting in plotting of
incorrect points or incorrect transformations

Incorrect properties of transformations

Inability to recognise (visually or otherwise)
geometric translations, such as not visualising
what a figure should look like after a particular
translation.

Believing that translations always ‘move from
left to right’

Inability to physically perform a translation
Inappropriate or incoherent vocabulary used
when describing transformations, such as: ‘...
measure the size of the shape..”

Atranslation always results in an image being
‘in a different quadrant’ than the original figure

Example in the context of translation, Van Hiele level 2 - Guided orientation phase

Students play a game called ‘I am. You are’. Students work in pairs and each pair is given a card on which coordinate pairs are
written. The cards are related to each other according to some ‘rule’. The teacher/lecturer chooses the first pair of students to
read the information on their card whilst all other student pairs are listening carefully and working out if the information being
read relates to or refers to their card. Then the next pair whose card relates to the information read by the previous pair will
follow by reading their own card. This continues until the information in all pairs’ cards has been read and shared. (‘This game
encourages students to listen carefully to instructions, as well as challenges them to do algebraic calculations quickly in their
heads, because they cannot delay much with their answers since the other pairs are waiting to see who had the next card. At
the same time, the game forces them to use algebraic rules and calculations because the system of axes is not drawn and there
is no time for them to plot the points and physically count the number of units shifted. The purpose of using pairs s to allow
students to help each other so that they could do the calculations faster more competently’).

For example:

‘I am point M with coordinates (2; 4). Who s 2 units to my right and 6 units below me?’
‘I am point B with coordinates (4; -2). Who is 4 units to my left and 5 units above me?’

‘I am point A with coordinates (0; 3). Who is 1 unit below me and 2 units to my left?’

(‘Note that the third example starts with changes in the y-coordinate instead of the x-coordinate. This is done deliberately, so
that students could listen to instructions carefully, rather than assuming that the first action always refers to the x-coordinate’).
‘I am point R with coordinates (-1; 1). Who do I reach if | shift 6 units down and then 3 units to the left?’ (‘The phrasing of the
question is changed so that students are familiarised with different ways of using language to refer to actions involving
geometric transformations’)

Example in the context of translation, Van Hiele level 2 - Free orientation phase

Could the figure on the left be a translation of the figure on the right? Why do you say s0?

e

I

‘Students might count the number of units through which each point (vertex) in the original object has been shifted to reach
the position of the corresponding point of the image and realise that the figure is translated 7 units to the left and 3 units up'.
‘Alternatively, students could draw translation vectors and check if they are parallel and equal. They could also talk about the
size (area), shape and the orientation of the figure, which have all not changed’.

Students with faulty reasoning might say ‘no, because the figure on the right is the translation of the one on the left;... not the
other way round ...” Misconception that translation always involves figure being shifted from the left to the right

Arguments such as ‘size and/or type of shape has not changed .. However, those arguments are not enough. For example,
preservation of ‘size” alone does not mean it is a translation of the original figure. The figures in the example below can be used to
explain the misconception. Firstly, students could be asked to investigate on their own if any of the figures below have the same
‘size’ and what does ‘size’ mean in this case ... leading them to realise that the figures have the same area. Then the next question
could be a translation of the other/s:

For example, both figures B and C have the same area as figure A (7% square units). However, none of them is a translation of
figure A because they are not exactly of the same shape as, or congruent to figure A. Put differently, figure A would not fit
exactly on either of figure B or figure C. Secondly, preservation of ‘type of figure’ is vague. For example, in the example above,
both figure A and figure C are of the same ‘type’ in terms of them both being hexagons. However, figure C cannot be a
translation of figure A, unless the two were exactly the same in all respects. Therefore, this activity could be used to lead
students to the understanding that, in a translation, the figure as a whole is shifted to a new position, hence each vertex is
shifted the same number of units in the same direction. They should also be able to notice that one does not always need to
have labelled vertices, a system of axis or quadrants in order to carry out a translation. This activity could also give students the
opportunity to think of their own solutions and argue convincingly when solving open-ended problems that might lead to
multi-path solutions. Hence, it is used under the Free Orientation Phase.
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FIGURE 1: Prominent student errors according to themes.
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TABLE 2: Examples of coding of data from tests and interviews through thematic anal

Question  Examples of students’ test responses with errors Related interview data with  Initial coding Emerging themes.
number error/misconception
(where applicable)
1 s “This one looks the same as Confusing translation Incorrect properties of
o e S R R original... must be rotation with rotation transformations

- of 360°"

H

o

Which shape from those given below shows the position of the above shape according
to

i Routon &2 C
i Tramshtionf§ @ ko
i, Reflectional

R

o
i

Even if C represented 360° rotation — which is possible, then B cannot be a
translation. Then this is an error.

2 ‘... Count from the end...then  Wrong translation Incorrect properties of
when your reach the diagram ... method transformations
then your count down...”
8 Wrong diagrammatic Errors involving basic
representations operations
or interpretations
13 E = - Incorrect Incorrect properties of
point A'is obtained by wranslating the point A(-2: interpretation of transformations
4 unis up. Which one of the poinis below shows the- coordinates Incorrect Errors involving basic
calculations operations
& M
Double error: Interpretation of translation ‘two units to the right’ as -2 and -2
-2=0
14 ‘Vertical line is x-axis .. Confusing x-axis and Incorrect properties of
translation over the x-axis’ y-axis transformations

during reflection

This question is included here because students mentioned a translation in
their interview responses, even though translation was not given in the
options. And then the students drew a correct diagram, yet chose an incorrect
transformation.
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TABLE 1: Soon’s levels and the link between test items and foundation phase teachers’ challenges with transformation geometry.

Levels Characteristics: The student k between test items and errors
Example of test item Targeted error/s
Level 1 « Identifies transformation by the changes « Systematic errors involving understanding of
in the figure, (1) in simple dyrawings of [Varons Susiomhonsans camed oufonthe Wlmop g p‘{operﬁes et s O
figures and images and (2) in pictures of =) « Lack of visualisation skills
everyday applications. ‘ « The correct answers would reflect both procedural
« Identifies transformation by performiny and possible conceptual knowledge
actual motion; names, disc!irpninates mge Wich shape from those given below shows the poston of the sbove shape according i 3 =
transformation. L Rottion
« Names or labels transformations using & Temsbtion
standard and non-standard names and % Reflecion
labels appropriately.
« Solves problems by operating on g
changes of figures or motion rather than H
using properties of the changes. oH
Level 2 « Uses the properties of changes to draw the  What are the coordinates of the vertex if the figure is rotated = Non-systematic errors involving leaving out signs
pre-image or image of a given 180° clockwise about the origin? when reading/writing coordinates
transformation. « Systematic errors such as confusing rotation with
« Discovers properties of changes to reflection or translation.
figures resulting from specific « The errors and even the answers will also enable
transformation. the teacher to assign intervention instructions
« Uses appropriate vocabulary for the targeted at conceptual knowledge acquisition or
properties and transformation. more advanced enrichment activities
« Is able to locate axis of reflection, centre
of rotation, translation vector and centre
of enlargement.
« Relates transformations using
coordinates.
« Solves problems using known properties
of transformations.
Level 3 « Performs composition of simple 8, E and C are midpoints of AD, DF and AF, respectively. Triangle « Systematic errors involving properties of the
transformations. CEF is formed by applying transformation to the triangle ABC. different transformations
« Describes changes to states (pre-image, ~ What could this transformation be? « Inability to recognise (visually or otherwise)
image) after composite transformations. geometric translations
« Represents transformations using ¢ « Errors displayed here reflect lack of both conceptual
coordinates and matrices. and procedural knowledge and would be more
« Inter-relates the properties of changes to systematic. Interventions would require even
a figure resulting from transformations. re-teaching of the concepts. Correct answers show
« Given initial and final states, can name a ol ¢ advanced knowledge in transformation geometry
single transformation.
« Given initial and final states, can
decompose and recombine a
transformation as a composition of a ;
simple transformations.
Level 4 « Gives geometric proofs using Prove, using diagrams and some explanations, that the rule « Systematic errors involving properties of

transformational approach.

Gives proofs using the coordinates and

matrices.

« Thinks through multi-step problems and
gives reasons for problems.

(; y)>(x— 2; -y + 3) represents a combination of a reflection
followed by a translation. Your diagram and explanation must
clearly show the line of reflection as well as the units through

which the figure is translated.

transformations
Inappropriate vocabulary used when describing
transformations

At this level, the systematic errors are
predominantly conceptual and most of them were
revealed in the interviews. The intervention
involved remedial activities and re-
conceptualisation of the learners views using the
errors

Adapted from Guven, B., 2012, ‘Using dynamic geometry software to improve eighth grade students’ understanding of transformation geometry’, Australasian Journal of Educational Technology
28(2), 364-382.





